An exactly solvable many-particle quantum system is proposed by adding some nonhermitian but PT invariant interactions to the B N Calogero model.
I. INTRODUCTION
As is well known, in quantum mechanics one usually chooses a hermitian Hamiltonian to ensure real energy eigenvalues of the corresponding Schrödinger equation. However, quantum mechanical systems characterised by nonhermitian Hamiltonians also play a significant role in many contexts like absorption of incident particles in nuclear physics, localisationdelocalisation transitions in superconductors and in the description of the defraction of atoms by standing light waves [1, 2] . Recently, theoretical investigations on different nonhermitian Hamiltonians have received a major boost due to the remarkable observation that many such systems, whenever they are invariant under combined parity (P) and time reversal (T) symmetry, give real energy eigenvalues [3] . This seems to suggest that the condition of hermiticity on a Hamiltonian can be replaced by the weaker condition of PT symmetry to ensure that the corresponding eigenvalues would be real ones. However, till now this is merely a conjecture supported by several examples [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Moreover, in almost all of these examples, the Hamiltonians of only one particle in one space dimension have been considered.
The aim of the present work is to test the validity of the above mentioned conjecture for the cases of some exactly solvable many-particle quantum mechanical systems in one dimension. For a Hamiltonian containing N number of particles, the P T transformation is evidently given by
where j ∈ [1, 2, · · · , N], and x j (p j ≡ −i ∂ ∂x j ) denote the coordinate (momentum) operator of the j-th particle. So we want to find out some exactly solvable nonhermitian Hamiltonians which remain invariant under the PT transformation (1.1) and investigate whether such systems would lead to real spectra.
In this context one may note that the well known A N −1 Calogero model, which contains N particles on a line and is described by the hermitian Hamiltonian
represents an exactly solvable system [16] . This type of exactly solvable models with longrange interaction have attracted a lot of attention due to their close connection with diverse subjects like fractional statistics, random matrix theory, level statistics for disordered systems etc. [17] [18] [19] [20] [21] [22] [23] [24] . Recently an integrable extension of A N −1 Calogero model is proposed by adding some momentum dependent interaction to the Hamiltonian (1.2) and this extension of Calogero model is also solved exactly to obtain the energy eigenvalues as well as eigenfunctions [25] . It is found that these energy eigenvalues are real and bounded below, in spite of the fact that the added momentum dependent interaction given by
where δ is a real parameter, is not a hermitian operator.
However, we now interestingly observe that the complete Hamiltonian (H A + H p ) of the above mentioned extended Calogero model is indeed invariant under PT transformation (1.1). Thus we find here an example of PT invariant many-particle system, which is not only exactly solvable but also leads to completely real spectrum. To obtain more examples of this type, it may be noted that the Calogero model associated with B N root system can also be solved exactly [26, 27] . Therefore, it is natural to ask whether this B N Calogero model can be generalised in a PT invariant way so that the newly constructed model would remain exactly solvable and yield completely real spectrum. In Sec.II we try to answer this question by proposing an appropriate PT invariant extension of the B N Calogero model and solving such model exactly. In Sec.III we study some salient features of this extended B N Calogero model and show that its spectrum can be interpreted through generalised exclusion statistics [28] as proposed by Haldane. Sec.IV is the concluding section.
II. EXACT SPECTRUM OF A B N TYPE CALOGERO MODEL
Here we propose an extension of the well known B N Calogero model [26, 27] as
j =k
where g 1 , g 2 , δ 1 , δ 2 are some real coupling constants. In the special case δ 1 = δ 2 = 0, the Hamiltonian (2.1) reproduces the original B N Calogero model:
It may be observed that, though the Hamiltonian (2.1) violates hermiticity property due to the presence of momentum dependent interactions like δ 1 In this context it may be noted that, both A N −1 and B N Calogero models have been solved recently by mapping them to a system of free harmonic oscillators [29] [30] [31] [32] [33] [34] . At present we want to follow a similar procedure for solving the Hamiltonian (2.1). We conjecture first that its ground state is given by a Laughlin type wave function
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ρ and σ being two real non-negative parameters which are related with the coupling constants g 1 , g 2 , δ 1 , δ 2 through the following equations:
By solving the quadratic equations (2.4) of σ and ρ, it is easy to see that these two parameters take real values provided the coupling constants in the Hamiltonian (2.1) satisfy
So, in this article we shall consider the PT invariant Hamiltonian (2.1) only for the range of parameters compatible with the conditions (2.5). Now if we use the expression (2.3) for a similarity transformation to the Hamiltonian (2.1), it reduces to a simple form likẽ 7) and the real valued parametersσ, 2ρ are defined asσ = σ − δ 1 and 2ρ = 2ρ − δ 2 .
It is interesting to note that the transformed Hamiltonian (2.6) may now be expressed 
It is easy to see that the above defined operators satisfy the simple commutation relation: 
Due to similarity transformations in (2.6) and (2.9), one may naively think that the eigenfunctions of the extended B N Calogero model (2.1) can be obtained from those of the free oscillators as: ψ n 1 ,n 2 ,.....,n N = ψ gr S H n 1 (
the Hermite polynomial of order n j . However, similar to the case of B N Calogero model [30, 33] , the action of S leads to a singularity unless all n j s are chosen to be even integers and H n 1 (x 1 )H n 2 (x 2 ) · · · H n N (x n ) is symmetrised with respect to all coordinates. Therefore, nonsingular eigenfunctions ofH B (2.1) can be obtained from the eigenfunctions of free oscillators as
where Λ + completely symmetrises all coordinates and thus projects the distinguishable many-particle wave functions to the bosonic part of the Hilbert space. Eigenvalues of H B corresponding to eigenfunctions (2.10) are given by
where the excitation numbers n j s are non-negative integers obeying bosonic selection rule n j+1 ≥ n j .
Sinceσ andρ are real parameters, the energy eigenvalues (2.11) are also real ones. Thus we interestingly find that the PT invariant nonhermitian Hamiltonian (2.1) gives completely real spectrum. It is also evident that, apart form a constant shift for all energy levels, the spectrum (2.11) coincides with the spectrum of N number of free bosonic oscillators with frequency 2ω. As the term 2ω N j=1 n j in eqn.(2.11) is always non-negative, E n 1 ,n 2 ,...n N can not be less than E gr . Consequently, ψ i.e. 2ρ, is related to the coupling constants δ 2 , g 2 through a quadratic equation given by
By using (2.13) and the second relation of (2.4), it is easy to see that the parameter 2ρ becomes negative (even though 2ρ remains positive) if the coupling constants δ 2 , g 2 are chosen within the range: δ 2 > 0, 0 ≥ g 2 > −δ 2 (1 + δ 2 ). Therefore, for large values of N, the ground state energy of extended B N Calogero model (2.1) will also be a negative quantity within the above mentioned range of two coupling constants.
III. SOME PROPERTIES OF EXTENDED B N CALOGERO MODEL

A. Connection with fractional statistics
Generalised exclusion statistics (GES) [28] has been found to play an important role in interpreting the spectra of usual Calogero models with hermitian Hamiltonians [22] [23] [24] . easy to see that both of these solution will be non-negative only within a parameter range given by (1 + 2δ 2 ) > 0 and g 2 ≤ 0. Thus we curiously find that a kind of 'phase transition' occurs at the line δ 2 = − 1 2 on the (δ 2 , g 2 ) plane. For the case δ 2 ≤ − 1 2 , the reflection symmetry of the exchange statistics parameter is lost for any possible value of g 2 . On the other hand, for the case δ 2 > − 1 2 the exchange statistics parameter shows a reflection symmetry: 2ρ → 1 + 2δ 2 − 2ρ , if g 2 is chosen within an interval −( 1 2 + δ 2 ) 2 ≤ g 2 ≤ 0.
C. Relation with B N Calogero model
We have seen in sec.II that, similar to the case of B N Calogero model, the extended B N Calogero model (2.1) can also be mapped to a system of free harmonic oscillators through a similarity transformation. So it is natural to enquire whether the extended B N Calogero model (2.1) is directly related to the B N Calogero model (2.2) through some similarity transformation. Investigating along this line, we find that
and H ′ B denotes the Hamiltonian of B N Calogero model with 'renormalised' coupling constants given by
However it should be observed that, for any nonzero value of δ 2 , either Γ (3.6) or its inverse becomes singular at the limit x j → x k . So the relation (3.5) can not be interpreted as a similarity transformation in the usual sense and it may lead to some strange consequences. with its nonphysical eigenfunction ψ ′ gr (x 1 , x 2 , · · · , x N ).
IV. CONCLUSION
Here we observe that a recently considered nonhermitian variant of A 
